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In 1961, Fox asked what knots have infinitely many symmetries. This question can actually be 
split into two questions. First, what knots have finite group actions of arbitrarily large orders? 
Second, what knots have infinitely many non-conjugate group actions of a given order? It was 
previously shown by the author that torus knots are the only knots with finite group actions of 
arbitrarily large orders. Now, we show that no non-trivial knots have infinitely many non-conjugate 
group actions of a given order. Thus we have completely answered the question posed by Fox. 
In addition we show here that any 3-manifold with a non-trivial characteristic decomposition 
has only finitely many non-conjugate finite group actions. These results are in contrast to the fact 
that there exist examples of knot complements which have infinitely many non-homotopic finite 
cyclic actions of a given order. 
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Introduction 
Recently, there has been substantial progress made in the study of finite group 
actions of three dimensional manifolds due to the utilization of newly developed 
geometric techniques. Thurston has conjectured that any compact three-manifold 
can be cut, in a canonical way, into pieces, each of which has a geometric structure. 
If M is a Haken manifold (for M orientable, this means that M is compact, every 
2-sphere in M bounds a ball and M contains an incompressible, orientable surface), 
then Thurston has proven that M can be split into geometric pieces. In particular, 
either M is a torus bundle over a circle, or there is a collection 4 of embedded 
incompressible tori which decompose M into submanifolds each of which either 
admits a complete hyperbolic structure of finite volume, or is a Seifert fibered space 
(by a Theorem of Epstein [l] a space being Seifert fibered is equivalent to being 
smoothly foliated by circles). Further, if G is a finite group acting on an orientable 
Haken manifold, then by a result of Meeks and Scott [9] the collection 9 can be 
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chosen to be invariant under G. Thus G will induce actions on the pieces of this 
geometric decomposition. 
One special type of Haken manifold, whose study has a long history, is the 
complement of a knotted Jordan curve in the 3-sphere. Long before the concept of 
a Haken manifold or a characteristic decomposition had been developed, Gauss 
[5] was asking questions about knots. More recently, Fox [3] posed seven questions 
dealing with finite groups acting on knots in S3. One of these questions was “does 
every knot admit only a finite number of periods?” There are various ways to 
translate this question into modern terminology. One way is to divide it into two 
separate questions. First, what knots are left invariant under finite group actions of 
S3 of arbitrarily large orders? Second, what knots are left invariant under infinitely 
many non-conjugate group actions of S3 of a given order? 
The first question was answered, in part, by Seifert [15] who showed that torus 
knots do have finite group actions of arbitrarily large orders. It was then shown by 
Flapan [2] that torus knots are the only knots with this property. It follows from 
the results in this paper, that no knots have infinitely many non-conjugate group 
actions of a given order. This completely answers the question of Fox. 
The general problem we address here is whether a compact 3-manifold must have 
only finitely many non-conjugate finite group actions of a given order. This is true 
for 2-manifolds [6], and we suspect it is true for 3-manifolds as well. In this paper 
we prove any 3-manifold with a non-trivial characteristic decomposition has only 
finitely many non-conjugate group actions of a given order. Flapan [2] and Kojima 
[8] already proved that if M is a Haken manifold with no S’ action, then there is 
a bound on the orders of finite groups acting on M. Thus the results in this paper 
show that if M has a non-trivial characteristic decomposition, then M has only 
finitely many non-conjugate finite group actions altogether. These results are in 
contrast (see Section 2) to the fact that there exist both knot complements and 
closed Haken manifolds which have infinitely many non-homotopic finite group 
actions of a given order. 
There is a classical conjecture which states that finite group actions, on those 
3-manifolds which admit a geometric structure, are a group of isometries in one of 
the eight maximal geometries in dimension three (see Scott [14]). It would follow 
from a positive solution to this conjecture and Thurston’s geometrization conjecture, 
together with the results in this paper that any compact 3-manifold can have only 
finitely many non-conjugate actions of a given order. 
I would like to thank Bill Meeks for many helpful conversations on this material, 
and Benny Evans for discussing Theorem 2 with me. 
In this section, we state and prove the main result after some preliminary 
definitions. A 3-manifold M is called irreducible if every 2-sphere in M bounds a 
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ball. If, in addition, M contains no 2-sided projective plane then M is said to be 
P2-irreducible. A 3-manifold M is said to be Haken if M is compact, P2-irreducible 
and M contains a 2-sided incompressible surface. 
Theorem 1. Let M be a closed, orientable, irreducible 3-manifold such that M contains 
an incompressible torus. Then M has only finitely many non-conjugate group actions 
of a given order. 
Remark. The Theorem is also true for non-orientable M if M is P2-irreducible 
rather than simply irreducible. In this case we lift the actions of M to the orientable 
double cover and apply the theorem there. 
Proof of Theorem 1. We shall start by considering a special case. Suppose M is a 
torus bundle over S’, which is not Seifert fibered, and M has infinitely many 
non-conjugate actions (Gi). In this case M has a geometric structure modelled on 
Sol. So by Meeks and Scott [9] any finite group action on M preserves the geometric 
structure on M. Now the actions (Gi) are each conjugate to a subgroup of the 
isometry group of M with a given metric. Since M is a torus bundle over S’ which 
is not Siefert fibered, by results of Raymond [ 131 M cannot have an S’-action. 
Hence the isometry group of M is finite by [2] and [8]. Thus infinitely many of the 
actions (G,) must be conjugate to one another. so Theorem 1 is true for this case. 
Now we do the general case, where M is not a torus bundle over S’. Suppose 
M has infinitely many non-conjugate group actions (Gi) of a given order. Since 
there are only finitely many groups of a given order we can, in fact, assume that 
the groups (Gi) are all isomorphic. Now by Meeks and Scott [9] for each Gi we 
can choose a Gi-invariant collection of characteristic tori 4, for M. But a collection 
of characteristic tori for a manifold is unique up to isotopy. So by conjugating the 
actions (Gi) by appropriate isotopies we can guarantee that a given collection of 
characteristic tori is G,-invariant for all i. 
Let the components of M - 9 be X,, . . . , X,. This set is finite since 4 is finite. 
So there are only finitely many possible permutations of 3 and of {X,}. Thus we 
can choose the ( Gi) to be an infinite collection which all perform the same permuta- 
tion of both 9 and {X,}. That is, for each G, and G2 there is an isomorphism h 
from G, to G2, such that h(g,) = g, and gr(X) = g*(X) and g,(T) = g2( 7’) for each 
XE{X,} and TE.~. 
Let Y1 = {X,1X, = g(X,) for some gE Gi} be the orbit under G, of X,. By the 
above paragraph, Y, does not depend on i. Thus for every 1 and every i, Y, is 
invariant under Gi. We now show that the (Gi) could have been chosen so that for 
each 1, the (Gi ] Yr) are conjugate by diffeomorphisms of Y, whose restrictions to 
cFJY, are isotopic to the identity map. Let Y be some equivalence class Y,. 
Case I: Y ={X}. That is, for each gi E Gi, g,(X) =X. By Jaco and Shalen [7] 
and Thurston [16], X either has a complete hyperbolic structure of finite volume 
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or X is a Seifert fiber space. First suppose X has a complete hyperbolic structure 
of finite volume. Let ( , ) be a fixed hyperbolic metric for X. 
Let ni denote the maximum dimension of the fixed point set of any non-trivial 
element of G,IX. Then for all i, ni s 2. So we can, in fact, assume that we have 
chosen the (Gi) SO that ni = n, for all i. We consider the possibilities for n separately. 
First suppose n 2 1. Then by Thurston’s Theorem [16], for each i, X has a 
G,-invariant hyperbolic metric ( , )i. Now by Mostow’s Rigidity Theorem [12], for 
each i there is an isometry hi : X, , ) + X, , ),, such that hi is homotopic to the identity 
map of X. Since X has non-empty incompressible boundary, we can apply Wald- 
hausen [18] to conclude that hi is actually isotopic to the identity. Now for each i, 
h;‘(GilX)hi e r presents a subgroup of the isometry group of X, , ). Again by 
Mostow’s Rigidity Theorem, this isometry group is a finite group. So we could have 
chosen the (Gi) so that all the (hl’(GiIX)hi) represent the same subgroup of the 
isometry group of X, , ). Thus the actions (Gi 1 X) are all conjugate by diffeomorph- 
isms of X which are isotopic to the identity map. 
Next suppose that each Gi is orientation preserving and acts freely on X. As 
above, by Mostow’s Rigidity Theorem, the outer automorphism group of rl(X) is 
finite. So we can assume the (Gil X) all induce the same action of n,(X). Let Y 
be the orbit space of X induced by Gi. Then Yi is Haken, X has non-empty 
incompressible boundary, and Gi is acting freely and orientation preservingly. Also 
there is a homotopy equivalence between the Yi, preserving the boundary. So by 
Waldhausen [ 181 the Y, are homeomorphic. Thus the (G, ( X) are all conjugate by 
diffeomorphisms {ai}. Now each czi also represents an element of Out( n,(X)). So 
again since Out(rr,(X)) is finite, we could have chosen the (Gi) so that the (Y~ all 
induce the same element of Out(nr(X)). Hence all the (Y~ are isotopic to some 
diffeomorphism CC Now the actions (Gi 1 X) are all conjugate by diffeomorphisms 
{(Y-~cY~} which are each isotopic to the identity on X. 
Finally, suppose n = 0. Let Gi be the orientation preserving subgroup of Gi. Then 
GI acts freely on X. Now by the above paragraph, the Y, = Xl GI are all homeomor- 
phic compact, orientable, irreducible 3-manifolds. Also since the Yi have non-empty 
incompressible boundary components they have infinite first homology. Now Gi 
induces an involution gi of Yi, and by Tollefson [ 171 these involutions must all be 
conjugate by maps hi which are isotopic to the identity on Yi. Now lift hi to X to 
see that the (Gi (X) are again all conjugate on X by diffeomorphisms which are 
isotopic to the identity. 
Thus we are done with those components X such that X has a complete hyperbolic 
structure of finite volume and g,(X) = X for each gi E Gi. Now let X be a Seifert 
fiber space such that again g,(X) = X, for each gi E G. 
Observe that 8X # 0 and all the tori in 8X are incompressible and non-parallel. 
By Waldhausen [18], if X is not a twisted I-bundle over a Klein bottle, then the 
Seifert fibration of X is unique up to homotopy. So Gi) X is homotopic to a fiber 
preserving action. In fact, even if X is a twisted I-bundle over a Klein bottle then 
Gi is fiber preserving up to homotopy as can be seen as follows. A twisted I-bundle 
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over a Klein bottle has precisely two homotopy classes of proper essential annuli. 
One of these annuli is one-sided and the other is two sided. Thus Gi must preserve 
each of these annuli up to homotopy. Hence G, 1 X is homotopic to a fiber preserving 
action. 
Now by Meeks and Scott [9], X has a Seifert fibration homotopic to the original 
one such that Gi is fiber preserving with respect to this fibration. Let Si be the base 
surface under this Gi-invariant fibration. Then G, induces an action on Si. Also, 
we can choose all of the Si homeomorphic. Now Si is a compact 2-manifold, hence 
Si has only finitely many non-conjugate actions of a given order. The order of the 
action induced by G, on Si divides the order of G,. So by taking an infinite 
subcollection of the (Gi), we can assume that the induced actions on the Si are all 
conjugate. Also, Gi induces an action on the S’ fibers whose order divides the order 
of Gi. So by taking a further infinite subcollection of the (Gi), we can assume that 
the induced actions on the S’ fibers are also all conjugate. Hence the (Gi (X) are 
conjugate by diffeomorphism {a;}. Now there are only finitely many permutations 
of ax, so we can assume we have chosen the (G,) so that all the associated Qi 
perform the same permutation of ax. Let (Y E {ai), then (Y-‘Q~( T) = T for each torus 
T c dX. Now take an infinite subcollection of the ( Gi), such that the {ai} are all 
orientation preserving, or are all orientation reversing. Then the (6’~~) are all 
orientation preserving. Repeat the above argument to see that (~-‘q is fiber preserv- 
ing, up to homotopy. Thus (~-‘q 1 T is also fiber preserving up to a homotopy of 
T. So K1ai 1 T is actually isotopic to the identity for each torus T G dX. This 
completes the case when Y = {X}. 
Case 2: Y contains more than one component Xi. Look at the induced actions 
of the ( Gi) on 3 Y. A surface only has finitely many non-conjugate finite actions of 
a given order. Since aY is a finite collection of surfaces, it also has only finitely 
many actions of a given order. So we can assume we have chosen the (Gi) so that 
the (Gi ) a Y) are all conjugate. Let X E Y, and let G: be the largest subgroup of Gi 
which leaves X invariant. As in Case 1, by restricting to an infinite subset we can 
assume that the ( Gi 1 X) are all conjugate. Let Yi be the orbit space of Y under G,. 
Now the Y, must all be homeomorphic as orbifolds. Hence the (Gi 1 I’) are conjugate 
by diffeomorphisms {pi} of Y. 
Since Y has a finite number of elements, we can assume we have chosen the ( Gi) 
so that all the {q} perform the same permutation of the elements of Y and of 3Y. 
Let a~{a~}, then (~-‘q(X)=x and amlai(T)= T for each XE Y and TEQY 
Now the components of Y either all have complete hyperbolic structure of finite 
volume, or are all Seifert fibered. Now as in Case 1, if they are hyperbolic we can 
assume we have chosen the (G,) so that for each X E Y, { (Y-rai 1 X} are all isotopic. 
If PE{K’ ai} then the (Gi 1 I’) are conjugate by {p-‘(Y-‘q} which are all isotopic 
to the identity. On the other hand, if the components of Y are Seifert fibered, then 
again as in Case 1, we can assume we have chosen the ( Gi) so that for each X E Y, 
{a-la< 1 X} are all homotopic to fiber preserving maps. Hence the (G, 1 Y) are 
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conjugate by {(Y-’ Lyi} whose restrictions to 3Y are isotopic to the identity. This 
completes Case 2. 
At this point we have an infinite collection of finite group actions (Gi) of M, 
which are assumed to be non-conjugate on M, yet on each equivalence class Y, the 
(Gi ) Y) are conjugate by maps whose restriction to d Y are isotopic to the identity. 
Let Y, and Yb be equivalence classes such that T s Y, n Yb. Now G1 1 Y, = 
4GzI YJa,’ and G,I Yb = ub(G21 Yb)~bl with (Y, 1 T and (Ye I T isotopic to the 
identity. Let Yh = Y, -(T x [0, I]). Then define h ( YL = LY, 1 YL and h ( Yb = (Yb. Now 
G, and G2 respect the product structure of T x [0, 11. So we can define h on T x [0, l] 
via the isotopy of (Y, ) TX { 1) and ab 1 T x (0) so that G, and Gz will be conjugate 
on T x [0, I] by h. Continue building h, in this way, from the maps (Y by composing 
with appropriate Dehn twists on each T x I for each T E 9. Thus we obtain h : M + M, 
such that G1 = hG,h-’ on M. But this contradicts the assumption that the (Gi) are 
all non-conjugate on M. q 
Theorem 2. Let M be a compact, orientable, irreducible 3-manifold such that 8M 
consists of incompressible surfaces. Then M has onlyfinitely many non-conjugate group 
actions of a given order. 
Proof. If M is homeomorphic to S’ x S’ x I then by Meeks and Scott [9] the actions 
(Gi) are conjugate to actions which respect the I-factor in the product structure of 
M. Thus since S’ x S’ only has finitely many non-conjugate group actions of a given 
order, infinitely many of the (Gi) must, in fact, be conjugate. So we shall assume 
that M is not homeomorphic to S’ x S’ x I. Suppose M has infinitely many non-conju- 
gate group actions (Gi) of a given order. Let M, and M2 be two distinct copies of 
M with actions (G:) and (G;). Form N, the double of M, by gluing M, and M2 
along their boundaries by the identity map. Then N has actions (Hi) where HiM, = 
G; and HiM, = Gf. Suppose N does not contain an incompressible torus. Then M 
contains no incompressible torus or annulus. Hence M has a complete hyperbolic 
structure of finite volume. So we can apply the argument of Theorem 1 to M. 
Now assume N does contain an incompressible torus. Repeat the proof of 
Theorem 1 for N, with the following additional observations. Let X be a component 
of N - 4 whose intersection with aM, is non-empty. Suppose that X is invariant 
under the (Hi). 
Case 1: X has a complete hyperbolic structure of finite volume. Now augment 
each Hi by adding the involution f which switches M, and M2. Call these new 
actions (H?). Every element of Hi commutes with A so the elements of H? are of 
the form hi orfhi where hi E Hi. NOW as in Theorem 1 we can show that the (HF 1 X) 
are conjugate by diffeomorphisms {ai} of X which are isotopic to the identity. In 
particular HT = (YH~*Q-‘, so olfa-’ E HT. Now olfol-’ is isotopic tof: Since no element 
of H, is isotopic to f; afa-’ must be of the form fh, for some h E H,. But (Y is 
isotopic to the identity so $4 is isotopic to f: Thus h is isotopic to the identity. But 
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by Freedman and Yau [4] any group action on X injects into the outer automorphism 
group. So h is the identity map. Hence cufc--’ =f: The fixed point set off is a&f, n X, 
and (Y must leave the fixed point set off invariant. Also (Y does not switch M, and 
M2 since (Y is isotopic to the identity map. Hence (Y restricts to a map of M1 n X. 
Thus the (Eii ) X n M,) are conjugate by diffeomorphisms {(Y~ ) M, n X} which are 
isotopic to the identity on 8X. 
Case 2: X is Seifert fibered. As in the proof of Theorem 1, for each i, X has an 
E&-invariant Seifert fibration. Now Hi leaves Xn aM, invariant, so Xn c?M, is 
either a union of fibers or a base surface for X If X n c?M, is a union of fibers then 
X n M,, is also Seifert fibered. So use the method of Theorem 1 on X n M, . Suppose 
now that X n c?M~ is a base surface for X. Now X n aM, only has finitely many 
non-conjugate actions of a given order so we can assume the (Hi) all induce the 
same action up to conjugacy, on X n c?M, . So the (Hi 1 X) are conjugate by 
diff eomorphisms {q} which restrict to maps of X n ~3 M, . From here use the argument 
of Theorem 1 to obtain conjugation maps {pi} which are isotopic to the identity on 
ax, and such that the pi restrict to maps of X n M,. Apart from the above 
modifications the proof of Theorem 2 is the same as that of Theorem 1. q 
02 
It should be pointed out here that our theorems are in contrast to the fact that 
if M has more than one component in its characteristic decomposition and M has 
some finite group action G then M can have infinitely many non-homotopic group 
actions of the same order. Suppose T is an element of the characteristic collection 
of tori for M. Now conjugate G by a Dehn twist along T to obtain a new action 
of M. We obtain infinitely many actions in this way, which are all non-homotopic. 
Corollary 1. If M is a Haken manifold with more than one component in its characteris- 
tic decomposition, then M has only jinitely many non-conjugate finite group actions. 
Proof. A manifold M satisfying the hypotheses of the Corollary is by the definition 
of a characteristic decomposition not Seifert fibered. Now since M is a Haken 
manifold, by Raymond [13], M has no S’ action. Hence by results of Flapan [2] 
and Kojima [8] the orders of finite groups acting on M must be bounded. Also by 
applying Theorem 1, there can be only finitely many non-conjugate finite group 
actions of M of a given order. So we are done, 0 
Corollary 2. If K is a knot in S3 which is invariant under infinitely many non-conjugate 
finite actions, then K is a torus knot. 
Proof. By Theorem 2, the complement of K in S3 has only finitely many group 
actions of a given order. So if ( S3, K ) has infinitely many non-conjugate finite group 
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actions, these actions must have arbitrarily large orders. Hence by Flapan [2] K 
must be a torus knot. 0 
Corollary 3. Let M be a closed orientable 3-manifold with non-trivial prime factoriz- 
ation M = M, # * . . # M, where the Mi are distinct and no Mj is homeomorphic to 
S* x S’. Then M has only finitely many non-conjugate orientation preserving group 
actions of a given order. 
Proof. Suppose M has infinitely many non-conjugate actions ( Gi) of a given order. 
By the equivariant sphere theorem of Meeks and Yau [ 1 l] and Meeks, Simon and 
Yau [lo], we can choose a collection Sq of spheres invariant under Gi which splits 
M into the prime components M, , . . . , M,, with balls removed, together with some 
balls with holes. Now since no Mj is homeomorphic to S* x S’, the spheres SE Spi 
are all separating. Thus since the Mj are distinct, each S E Sq is itself invariant under 
Gi. So, in fact, Sq splits M into the components M,, . . . , M, with holes, but without 
any additional balls with holes. By taking an infinite subcollection of the (Gi) we 
can assume that all the 9i split M into components homeomorphically; that is if 
M - Yi = lJy=, X, then for a given j the X, are all homeomorphic. So we can 
conjugate the (Gi) by diffeomorphisms to obtain actions which all leave each sphere 
S in a given collection of splitting spheres 9’ invariant. Now Gi preserves the 
orientation of XV and of S. So (Gi 1 S) must have fixed points. Thus some element 
of Gi)X, must have fixed point set of dimension one. Now by capping off the X, 
we see that Gi induces an action of the prime manifold Mj. If Mj has a hyperbolic 
structure then apply Thurston’s Theorem [16] to Mj to show that each Gi 1 Mj is 
conjugate to a subgroup of the isometry group of Mj. Then if Mj is not Seifert 
fibered, by Raymond [13] Mj cannot have an S’ action, so the isometry group of 
Mj is finite. If iWj is Seifert fibered use the proof in Theorem 1 to see that again Mj 
has only finitely many non-conjugate group actions of a given order. Finally, if Mj 
has a non-trivial geometric decomposition apply Theorem 1. Thus, in any case, the 
(Gi 1 XV) are all conjugate. Since S has only finitely many non-homotopic 
diffeomorphisms we can assume the conjugating maps of Sj are all homotopic on 
S. So we can glue them together along a collar of S,, as in the proof of Theorem 1, 
to see that the (Gi) must, in fact, be conjugate on M. 0 
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